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Abstract. The purpose of this note is to prove that there is an algebraic stack U parameterizing 
all curves. The curves that appear in the algebraic stack It are allowed to be arbitrarily singular, 
non-reduced, disconnected, and reducible. We also prove the boundedness of the open substack 
of 11 parameterizing geometrically connected curves with fixed arithmetic genus g and < e irre- 
ducible components. This is an expanded version of |Smy09| Appendix B]. 

1. Introduction 

Fix a scheme S. For an S-scheme T, a T-curve is defined to be a proper, flat, and finitely 
presented morphism of algebraic spaces tt : C — > T, where the geometric fibers have dimension 
1 . By IIKnu71 , Theorem V.4.9], IIHar771 Exercise III.5.8] and lEGA. IV, 9.1.5], the geometric fibers 
of a T-curve are projective. Let Sch/S denote the category of S-schemes and define Us to be the 
etale stack over Sch/S, which assigns to each S-scheme T, the groupoid of T-curves. 

It is tempting to restrict attention to T-curves tt : C — > T, where the map tt is projective. Indeed, 
if T is an affine scheme, then any smooth T-curve X — > T with geometric fibers of genus g ^ 1 
is a projective T-scheme. In the case that g = 1 , there is an example due to M. Ra5maud, which 
appears in [ Ray 70 ^ XIII-3.1], of a family of elliptic curves, over an affine base, which is Zariski 
locally projective, but not projective. There is also an example due to D. Fulghesu, appearing 
in IIFul09[ Example 2.3], of a proper algebraic 3-fold, fibered over a projective surface, which is 
a family of nodal curves of genus 0, with at most 2 nodes in each fiber, which is not a scheme. 
In particular, this family is not Zariski locally projective. Thus when parameterizing singular 
curves, the total spaces of the families are required to be algebraic spaces. We will prove the 
following: 

Theorem 1.1. Us is an algebraic stack, locally finitely presented over S, with quasi-compact and sepa- 
rated diagonal. There is an explicit, smooth cover of Us by Hilbert schemes of projective spaces. 

We note that proofs of the algebraicity of Its have recently appeared in lldHSOSl Prop. 2.3] and 
IILun09l using Artin's Criterion [ Art74, Thm. 5.3]. We provide a proof logically independent 
of Artin's Criterion [loc. cit.], by constructing an explicit presentation by Hilbert schemes of 
projective spaces. Theorem |1 .1 1 and the corollaries that follow were used by | Smy09| in the 
production of alternate compactifications of Mg^n- 

Corollary 1.2. If C ^ Spec k is a projective curve, then it has a versal deformation space defined by 
equations with integral coefficients. 



We observe that Corollary 1.2 is a trivial corollary of Theorem |1.1[ yet at face value it is 



entirely non-obvious. For example, if you were to consider a complex curve C Spec C, with 
defining equations in some embedding into P ^ having lots of transcendental terms, then you 
would certainly not expect the deformation theory to be governed by equations with integral 
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coefficients. Since the versal deformation of a rigid curve is itself, we immediately obtain the 
following partial answer to a speculation of R. Vakil in ||Vak06l| : 

Corollary 1.3. If C ^ Spec k is a rigid, projective curve, then every singularity type of C is defined 
over Z. 

The following corollaries show that from the construction of the algebraic stack Us, one 
easily obtains fine moduli stacks of essentially every other moduli problem associated to curves. 

Corollary 1.4. The stack Us.n whose objects are curves + n arbitrary sections is algebraic, locally 
finitely presented over S, with quasi-compact and separated diagonal. 

Corollary 1.5. One may impose any number of the following extra conditions on the morphisms in 
Obj Cs and still obtain an algebraic S-stack which is locally finitely presented over S, with quasi-compact 
and separated diagonal: 

(1) geometric fibers are Rn.; 

(2) geometric fibers are S^; 

(3) geometric fibers are lei; 

(4) geometric fibers are Cohen-Macaulay; 

(5) geometric fibers are reduced with k connected components; 

(6) geometric fibers are reduced; 

(7) geometric fibers are reduced and connected; 

(8) geometric fibers are reduced, connected, and have e or fewer irreducible components; 

(9) geometric fibers are integral; 

(10) geometric fibers have arithmetic genus g; 

(11) geometric fibers have quasi-finite automorphism group; 

(12) geometric fibers have no infinitesimal automorphisms; 

(13) any condition on a flat family of curves specified by a condition on an open function (e.g. a 
polynomial) in the cohomology groups on theflbers of a finite set of complexes of sheaves with 
coherent cohomology (possibly not fiat), all of which respect pullback along the base (for example 
hi(Lx/T)=3;. 

In particular, (11) defines the largest substack ofU with quasi-finite diagonal, and (12) defines the largest 
Deligne-Mumford substack. 

We also prove the following boundedness result, such a result was believed to exist, but 
there was no proof in the literature. 

Corollary 1.6. For any fixed triple of integers (g, n, e), the stack Ws,g,n,e corresponding to geometri- 
cally connected, reduced curves of arithmetic genus g, with n marked points, and e or fewer irreducible 
components is algebraic, finitely presented over S, with quasi-compact and separated diagonal. 

Theorem 1 1 . 1 1 and its corollaries will be proved in the subsequent sections. 

2. Etale local projectivity 

We will show that a T-curve C — > T is etale-locally projective. Note that this result is an 
immediate consequence of Artin approximation, but we provide an independent proof. An 
important preliminary observation is that Us is a limit preserving stack. That is, if {Ajjjgj is an 
inductive sequence of S-rings, we set A — lim. Aj, then the natural transformation: 

lu^l^slspecAj > (Us)specA 

j 
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is an equivalence of categories. In concrete terms, it means that if you have a Spec A-curve 
X — > Spec A, there is some j e J and a Spec Aj -curve Xj Spec Aj such that Xj (g)Aj A ^ X is an 
isomorphism and that for any isomorphism of Spec A-curves X ^ Y. Moreover, there is a k e J 
and Spec A^-curves X^, together with an isomorphism of Spec A^-curves X^ — > Y^ such 
that this pulls back to the isomorphism of Spec A-curves X ^ Y. This is a somewhat technical 
condition to verify, but it is very useful in the sense that it means the resulting moduli stack is 
locally of finite presentation, and it allows one to usually reduce arguments to the noetherian 
(even excellent) case. 

The proof that Us is limit preserving is standard, we will merely provide the references 
sufficient to prove the result. To obtain essential surjectivity, combine one of the reductions 
used in the proof of IlLMBl Prop. 4.18] with lEGAl IV, 4.1.4] (for the dimension of fibers), llEGAl 
IV, 8.10.5(xii)] and r Knu7H Thm. IV.3.1] (for the properness), and [ EGAl IV, 11.2.6] (for the 
flatness). The techniques of llEGAl IV, 8.8.2.5] earner full faithfulness. 

Proposition 2.1. Let n: C ^ Shea proper, finitely presented morphism of algebraic spaces. Let s G S 
be a closed point such that dim^js) Cj < 1, then there is an etale neighbourhood (U, u) of (S, s) such 
that C X s U — > U fs projective. 

Proof. The statement is local on S for the etale topology and by standard limit methods, we 
reduce immediately to the following situation: S — Spec R, where R is an excellent, strictly 
henselian local ring and s e S is the imique closed point. 

First, assume that C is a reduced scheme. Now, let Cs — > s denote the special fiber of C ^ S. 
Since Cs is a proper scheme of dimension 1 over a field, it is manifestly projective. Thus, it 
suffices to show that the map Pic(C) — > Pic(Cs) is surjective. Indeed, one can then conclude 
that C admits a line bundle £ such that the restriction to the central fiber is projective. By ||EGA[ 
III, 4.7.1], we deduce that L is ample. 



For this paragraph we utilize the arguments in | SGA42 Prop. IV.4.1]. Let £s be a line bundle 
on Cj. Since Cj — > Spec k(s) is a projective curve, to show that Pic(C) — > Pic(Cs) is surjective, 
it suffices to treat the case where £s — Oc, [—'><■&), for some closed point £ Cs. In an open 
neighborhood Us of Xs G Cs, we have that Xs = V(fs) n Us, for some fs G Ocs (Us) which 
is not a 0-divisor. Since Cs ^ C is a closed immersion, there is an open subscheme U C C 
such that U n Co = Uq. By shrinking U, we may lift the equation fs G Oc, (Us) to f G Oc[U] 
such that f is not a 0-divisor, and V(f ) n U n Cs = {xs}. In particular, the map V(f) n U ^ S is 
quasi-finite and separated. Since S is local and strictly henselian, by [EGA, IV, 18.12.3], there 
is a decomposition V(f) n U = Vi 11 V2, where Vi ^ S is finite and contains n^^ (s). Thus, by 
further shrinking U, we may assume that the map V(f ) n U ^ S is finite. On C we may now 
define an effective cartier divisor D as D lc-[v(f)nu]= and D |u= divf. The cartier divisor 
0(— D) has the property that Ocs{^D) — Ocs(— ^s). Since C is reduced and noetherian, by 
IITOaI IV, 21.3.4], Pic(C) ^ Pic(Cs) is surjective. 

If C is a non-reduced scheme, and Cred is the reduction, then we have shown that the mor- 
phism Cred ^ S is projective. Since C is noetherian, if 3 denotes the nilradical of C, then there 
is a k such that 0^ — (0). Thus, it suffices to prove the following: if i : C C is a closed 
immersion over S, defined by a square ideal 3 such that C ' is projective, then C is projective. 
To this end, we recall the exponential sequence on C: 

— ^3 -^^+-. og .i,o^ -1 . 

By taking the long exact sequence of cohomology, we see that the obstruction to lifting a line 
bundle on C to a line bundle on C lies in the cohomology group H^(C',3). Since, C is a 
projective S-curve, we have that H^(C', 3] — 0. Consequently, we deduce that Pic C — > Pic C is 
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surjective. Hence, we may lift an ample bundle on C ' to a line bundle on C, and any such lift 
must be ample. 

We now treat the case where C is an algebraic space, and it remains to show that it is a 
scheme. By IILMBI Thm. 16.6], there is a finite and surjective S-map C — > C, where C is a 
scheme. Since C is a proper S-scheme, with special fiber of dimension < 1 , we may conclude 
that C is a projective S-scheme. In particular, C has the Chevalley-Kleiman property (i.e. every 
finite set of points is contained in an open affrne). Since S is excellent, we may apply IIKolOSI 
Cor. 48] to conclude that C has the Chevalley-Kleiman property, thus is a scheme. □ 

3. Representability of The Diagonal 

In this section, we will prove that the diagonal morphism A : Us ^ Us x s is representable, 
locally of finite presentation, separated and quasicompact. M. Artin, in IIArt74l , calls this relative 
representability and as we will see, it is an essential and natural part of the proof of algebraicity 
of Us. Fix an S-scheme T and let gi : Ci ^ T, 92 : C2 ^ T be two T-curves. We form the 
2-cartesian diagram: 

Txs,_Us,s2T 5-TxsT , 

Us xsUs 

where the si are the induced maps to Us defined by the T-curve gi. The 2-fiber product, 
T 52 T, is isomorphic to the (Sch/T)gf-sheaf of isomorphisms Isomjlgi , gi)- That is, 

the sections over a T-scheme c() : T' — > T are T '-isomorphisms f : 4)*gi — > 4^*92- 

To prove that A is representable, quasi-compact and separated, we must show that the sheaf 
Isomjlgi ,92) is an algebraic space which is quasi-compact and separated over T. Also, there 
is a (Sch/T)E,-sheaf HomT(gi,g2) whose sections over a morphism cf) : T' — > T are the T'- 
morphisms f : 4)*gi 4^*92- One observes that Isomjfgi , 92) is a subsheaf of HomT(gi , 92). 

We recall the definition of the Hilbert functor for a T-scheme X — > T: let T' — > T be a mor- 
phism of schemes, let Hilb y / j (T') be the set of isomorphism classes of closed subschemes Z 
X Xj T' which are flat, proper, and finitely presented over T'. Clearly, Hilb y / j : (Sch/T)Et 
Sets is a sheaf. 

There is a natural transformation V : Homjtgi , g2) ^ Hilb r ^ xjCi/T which associates to any 
T'-morphism f : Ci Xj T' — > C2 xj T' its graph Vf. 

Lemma 3.1. Suppose that gi : Ci ^ T, g2 : C2 — > T are objects o/Cs, then the [Sch/T) ^f-sheaves 
Homy (91 , 92) lind Isomylgi , g2) both representable by finitely presented and separated algebraic 
1 -spaces. 



Proof. By Proposition 2.1 there is an etale surjection c}) : U — > T such that for i — 1, 2, 
the pullbacks, g^^u : Ci xj U U, are projective, flat and finitely presented. The inclu- 
sions Isomu(gi,u, gi^u) C Homu(gi,u, g2,u) C Hilb(c, -^xtC2,t)xtU/u are representable by 
finitely-presented open immersions. Indeed, Us is limit preserving, so we may assume that 
T is noetherian. The first inclusion is covered by [ EGA[ II, 4.6.7(ii)] (without any dimension 
hjrpotheses on the fibers of Ci over T). We observe that the assertion for the second inclusion 
follows from the first. Indeed, the latter inclusion is given by the graph homomorphism and it 
has image those families of closed subschemes of (Ci xj C2) xy U for which projection onto 
the first factor is an isomorphism, which as we have already seen is an open condition. 

From the existence of the Hilbert scheme for finitely presented projective morphisms, we 
make the following two observations: 
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(1) HomT(gi,g2) xtU~ Homu(gi,U) g2,u) is representable by a separated and locally of 
finite type S-scheme. In particular, the morphism Homu(gi,U) g2,u) ^ Homx(gi , gi) 
is etale and surjective. 

(2) The map Homu x HomT Homu Homu x u Homu is a closed immersion. Indeed, this 
is simply the locus where two separated morphisms of schemes agree. 

Putting these together, one concludes that Homyfgi , ga) is representable by a separated and 
locally of finite type algebraic T-space. Since finitely presented open immersions are local for 
the etale topology, we deduce the corresponding result for Isomx(gi , gi)- 

All that remains is to verify that HomT(gi , gi) is quasicompact in the case that the gi are 
projective. We plagiarize the argument of LdHSOSJ and include it for completeness only. Let 
Li he a T-ample line bundle for gt. We may assume that the Hilbert polynomials of the 
fibers of the curve Ct — > Ti with respect to Li are all equal to a fixed polynomial Pi. Let 
Pi : Ci Xj C2 — > Ci denote the ith projection and set £ —■p'^Li <S) p*2L2- Let T' be a T-scheme 
and set C( = Ci Xj T' and let ij^i : C( ^ Ci denote the induced map. For a T'-morphism 
f : C^ — > C2, we have its graph Pf : Cj — > C^ xy C2. Set \|j := x'\\>2 : C\ xy C2 — > Ci xy Ci, 
then we will show that the Hilbert pol5momials of the fibers of Ff over T' with respect to 
^^>*L are all equal to Pi + P2 + Pi (0). If we show this, then we're done, since then the map 
Homy ( g 1 , g2 ) — > Hilbf^ , x t C2 /t factors through the subfunctor of Hilb^ , x t C2 /t corresponding 
to those flat families with Hilbert polynomial Pi + P2 + Pi (0). This subfunctor is represented 
by a projective scheme, thus Homjtgi , g2) would be quasi-projective, hence quasi-compact. 

It suffices to take T' Spec k, where k is a field. Let f : C{ ^ C2 be a T'-morphism, then by 
Snapper's Theorem LFGI^OSt Thm. B.7]: 

x[c\ , r;r^^n = x[^\.^*^T ® f^l^D = xfc; , ^\l®'^] +x(Ci' , r^\Lf^) +x(c; , Oy, ). 

Observe that x['^\,^*^\^T^) = x(C2,^l^l'Cf'^) and the above now expresses that the Hilbert 
pol5momial of the graph of f is Pi + P2 + Pi (0). □ 

4. Existence of a Smooth Cover 

To construct a smooth cover of the stack Us by a scheme, we need to understand the defor- 
mation theo ry of sin gular curves. A good introduction to deformation theory is contained in 
iSer06| and liFGI~'^05l . Our setup will be slightly different than what appears in those sources, 
however. 

Throughout, we assume that k is an S-field, not necessarily algebraically closed. Let Artk 
denote the category with objects (A, i), where A is a local artinian S-algebra, with maximal 
ideal itia, and an S-map i : A — > k. The map i automatically induces an isomorphism of S-fields 
1 : A/tTiA k. The morphisms in Artk are the obvious ones. If X is a k-scheme, define the 
functor of S-deformations Defx : Art^^^ — > Sets as follows. For (A,i) e Artk, Defx(A, i) is the 
set of isomorphism of classes of cartesian diagrams: 

X ^X(8)kA/mA ^X' , 

Y Y Y 

Spec k s- Spec A/rriA ^ Spec A 

where X ' Spec A is flat. Note that if we have a morphism of deformations X ' X ", then 
since we necessarily have an isomorphism X' ®\ A/mA — > X" (gj^ A/rriA/ then X' X" is an 
isomorphism by the flatness over A. 

Let Y be an S-scheme, if ] : X ^ Y (g)s k (when the context is clear, we will henceforth 
write X c Y (g)s k) is a closed immersion of k-schemes, then define the embedded deformation 
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functor DefxcYigisk : Artj^ Sets as follows. For (A, i) e Artk, Defx^Y(8isk(A, i) is the set of 
isomorphism of classes of cartesian diagrams: 

X ^X(^kA/mA ^X' , 

j Y j 
Y ^ Y (8)s A/niA ^ Y (8)5 A 

Y Y Y 
Spec k ^ Spec A/itia ^ Spec A 

where X' Spec A is flat. The same argument as before shows that any map X' X" 
of embedded deformations is an isomorphism. There is an obvious natural transformation 
DefxcY«isii5 ^ Defx given by forgetting the embedding into Y. Given (A, i) e Aitt, we can 
define a functor Spec(A,i) : Art^^^ -> Sets as (A',i') ^ HomArtJ(A,i), {A',i')). Note that 
the Yoneda Lemma immediately implies that a map Spec(A,i) — > F, where F is a functor 
F : ArtJ^^'' — > Sets, is equivalent to an element of F(A,i). 

A natural transformation of functors from Art^^^ Sets, F ^ G is said to be formally 
smooth if for any surjection ( A, i) ( Ao , lo ) and any diagram 

Spec(Ao,io) 5 F 

3 / 

Spec(A,i) ^ G 

we may fill in the dashed arrow so that it commutes. Note that if f : (A, i) (Ao,io] is a 
surjection, then it may be factored into a sequence of surjections: 

(A,l) = (An, In) ^ (An-l,tn-l] ^ > ( Ai , li ) ^ (Ao,lo) 

where rriAi ker(Av — > Ai_i ) — (this is immediate from the Jordan-Holder Theorem). We call 
such morphisms small extensions and note that any such morphism has square kernel. 

The next two results are to be considered folklore in this generali ty. For similar statements, 
with stronger hypotheses, see for example [iSer06t Prop. 3.2.9] and llFGI+05[ Cor. 8.5.32]. 

Theorem 4.1. Suppose that X is a projective k-scheme, with h^(Ox) = 0. Consider an embedding 
X P ^ such that (X, Ox ( 1 ) ) = 0, then Def xcp n ^ Def x is formally smooth. 

We will prove this in a moment. The following is a variant of ||FGI+05[ Thm. 8.5.31], with a 
supplied proof. 

Proposition 4.2. Let Xbea proper k-scheme and consider an embedding ) -.X ^ Y ®sk, where Y is a 
smooth S-scheme, then ifH^ (X, 3*TY®sk/k) — 0, DefxcY(»sk ^ Defx is formally smooth. 
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Proof. Fix a small extension ( Ai , i) 
diagram 



X 



(Ao,io) and let K = Ai/ttia, = A/rriAo- Consider a 



Y 

X(^kK 



Y 

Yk :=Y 



Y Y 
Xo^ ^Yao :=Y(^s Ao 



Y 

Xi 



Ya, :=Y( 



A 



where [Xi] e Defx(Ai), [Xq ^ YaJ G DefxcYgssAo (Aq), and each restrict to [Xq] G Defx(Ao). 
To show that DefxcY(g)sk — > Defx is formally smooth, it suffices to construct a map Xi — > Ya, , 
since any such map is automatically a closed immersion. Indeed, the morphism is affine by 
using Serre's Criterion, and by the Nakayama Lemma for modules over an artinian ring, it is a 
closed immersion, because it is a closed immersion modulo a nilpotent ideal. 

f 

For i = 0, 1, let Si — Spec Ai, and consider the composition of morphisms Xq — > Ya, ^ Si . 
By III1171I II.2.1.2] there is a distinguished triangle: 



Ya, /S, 



-Xo/S, 



-Xo /Ya , 



Note that since the closed immersion So Si is defined by a square sheaf of ideals I, it is 
supported on Spec K and hence So. Let so : Xq — > So be the structure map, taking the long exact 
sequence associated to Homxo (— , SqI), gives an exact sequence: 



Extx„(l-x„/YA,,sSI) 



ExtijLx„/s,,sSI) -Extj,jrL, 



, /S, ) 



s*l] . 



Since Ya, — > Si is smooth, then L 



/s, = i^YA, /s, / by III11711 111.3]. In particular, if 30 : Xo 
Yao is the inclusion and a : Yao ^ Ya, is the induced map from So — > Si , then ajo — f and 

f*l-YA,/S, =f*£^YA,/S, =3o'^*i^YA,/S, =3oi^YA„/So) 



since differentials pullback along the base. By fEGA'. Oni, 12.3.5] and ||EGA[ Oi, 5.4], since 
]qD.Yao/So is locally free of finite rank and SqI is coherent, then 

Exti„ (r Ly,, /s, , sSD = H' (Xo, Homo,„ OSHya^/So, s^I)] 

= (Xo, Homox„ Oo^^Yao /So . Oxo ) ®0x„ SqI) 
-H1(Xo,3STya„/So ®0x„ sSD 

-H'(Xo,}STya„/So®s-'Os„ I) 
= H1(Xo,}STya„/So)'»S„ I, 

because so : Xq ^ So is flat. Noting that the coherent sheaf Jq^Yaq/So is flat over the artinian 
local scheme So and (Xk,3kTyk/k) = (X,}*TY^/k) ®m K = 0, then IIHar77[ Exercise 111.11.8] 



implies that H ' (Xo, ^JTy^^ /a, ) = 0. Thus, Extxo (f *L, 



,/s 



,s5i) = 0. 
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We now apply 111171 [ III. 1.2] to observe that our original exact sequence (together with the 
vanishing result proved above) provides a surjection: 

Exalo^^^ (Ox„,s5I) ^Exalos, (0x0,5^1) ^0 . 

In particular, [Xq] is an element of Exalos, (Oxo) SqI) and so there is an Oy^, -extension of Oxo 
by Sq I corresponding to Xa, (indeed, it is given by the sheaf of algebras Oxa, )■ Hence, there is 
a map of sheaves of algebras Oya , ^ Ox , and consequently a morphism of schemes Xi ^ Ya , , 
which extends Xq — > Ya , . □ 



Proof of Theorem 4.1 Since the Euler sequence is exact, we may pull it back and dualize it to 



obtain an exact sequence: 

^Ox ^Ox(l)®'^+^' ^t*TpN ^0 . 

Taking the long exact sequence of cohomology, we arrive at the following segment: 

HV0x(1))^ + ^ -Hi(X,i*Tp.) -H2(0x) . 



The assumptions ensure that H (X,i*TpN ) — 0. An application of Proposition 4.2 proves the 



result. □ 
With the relevant deformation theory in place, we can now complete the proof of Theorem 

im 



Proof of Theorem 1.1 We have shown that Us is a limit preserving stack over (Sch/S)Et. In ?|3j 



we proved that the diagonal is represented by finitely presented, quasi-compact, and separated 
algebraic S-spaces. Thus, to show that Us is an algebraic S-stack, it remains to construct an 
S-scheme U together with a smooth, surjective S-morphism U ^ Us ■ 

To prove the existence of a smooth cover, we consider a geometric point Spec k ^ Us ■ This 
corresponds to C ^ Speck, for some 1-dimensional projective scheme C. Pick a k-embedding 
C — > such that H' (Oc(l )) =0. Let Uc/k denote an affine open neighbourhood of the point 
X : Speck Hilb pM ^s an d take Vc/k ^ Uc/k to denote the universal family. By Cohomology 
and Base Change IIHar 77[ Thm. 12.11], we may replace Uc/k (and so Vc/k changes also) by an 
affine open subset containing the image of x such that (Vc/k,v) Ovc/i v H )) = and all fibers 
are flat of dimension 1 for all points v — > Uc /k- 

In particular, we obtain a finitely presented morphism Uc/k ^ ^s- We will now proceed 
to show that this morphism is in fact smooth. That is, if T — > Us is an S-morphism, then 
Pt : T' := T xus Uc/k — > T is smooth. Since Us is limit preserving, we may assume that T is 
noetherian. By taking a faithfully flat etale cover of T, by Proposition [2.1} we may assume that 
the family of curves corresponding to the map T ^ Us is projective. Thus, the map pj is a map 
of schemes. To show that the map pj is smooth, by lEGAI IV, 17.14.2], it suffices to fix t' e T', 
let t = pT(t') e T and we need to show that there is an arrow completing the diagram: 

Spec A/I ^ T' ^ Uc/k 



Spec A ^ T ^ Us 

where A is an artin local ring, I < A is an ideal, with the closed point of Spec A mapping to 
t, and the residue field of A/I is the same as the residue field of t', K. Let the Spec A-curve 
Ca Spec A denote that induced by the morphism Spec A — > Us . Then the 2-commutativity of 
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the diagram implies that there is a Spec A/I-embedding Ca ^ (A/I) P ^^j. Let Ck Spec K 
denote the K-curve Ca <E)a K. We have a map u : SpecK ^c/k, and a K-isomorphism 



Vc/ik,u — > Ck, thus (Ck, Ock (1 )) = 0- By Theorem 4.1 the map Defc|^cP|^ ^ DefcK is 
formally smooth, hence a map Spec A — > exists completing the given diagram. 

The isomorphism classes of morphisms Y — > 11, where Y is an affine open subscheme of Hn 
for some N, form a set. Take U to be the disjoint union over all those such Y ^ U which are 
smooth. By the above, U — > U is smooth and surjective. □ 

5. Proofs of the Corollaries 
In this section, we run through the proofs of the corollaries. 

Proof of Corollary \L^ First, we show that the imiversal curve Usj is an algebraic stack, which is 
locally of finite type over S. This is obvious: one has the forgetful morphism Us,i ^ Us (given 
by forgetting the section of the family) and this morphism is representable. Indeed, for an affine 
schemeT Us (corresponding to a T-curve), the 2-fiber product Txus Us, i =HomT(T, C) = C. 
Noting that 

Us,n. — Us,1 Xus ■ ■ • XiXs Us,1 , 
^ y 

V 

TL 

we conclude the general case. □ 

Proof of Corollary ^^ In all cases, we need to check that if C ^ T is a T-curve, then the locus 
in T which satisfies the condition has a natural scheme structure. Cases (l)-(9) are all open 
conditions, by the results of |EGA, IV, §12.2]. 

For the remainder of the cases, we may reduce to the noetherian case as follows: we will 
reduce to the case of a noetherian base and a projective family. Since 11 is limit preserving, f 
factors as Spec A Spec Aq — > U, where Aq is of finite type over Z. All the conditions are 
geometrically fibral, so we may work over a faithfully flat etale extension of the base Spec Aq. 
Hence, it suffices to consider those families of curves which are projective over an affine noe- 
therian base. For the remainder, we fix an object f : C — > T of Us, where T is the spectrum of the 
noetherian ring A and we assume that f is projective. 

(10) [[Har77[ Cor. III.9.3] shows this condition is open and closed. 

(11) Follows immediately from Chevalley's semicontinuity Theorem. 

(12) It suffices to show that if C — > S is an object of Us, where S is the spectrum of a noether- 
ian ring A, then S x u S ^ S being unramified is an open condition on S. This will follow 
from the more general assertion: let p : G — > S be a locally of finite type, group alge- 
braic space, with S noetherian, then if s ^ S is a geometric point and the group scheme 
Gg- — > s is unramified, then there is an open subscheme U of s such that Gu U is 
imramified. Observe that we can find an open subspace W containing Gs^ C G such 
that p \w' W ^ S is unramified. Let e : S ^ G be the identity section and i : W ^ G the 
immersion, then the fiber product U = W x g S is an open subscheme of S. Moreover, 
for any geometric point u — > U we have Gu ^ u is unramified on an open subscheme 
of the identity and by using translations in this group, we can cover it by unramified 
open subschemes. 

(13) If the complex has flat cohomology over the base, then it is immediate from cohomol- 
ogy and base change. If the cohomology is not flat, take a flattening stratification (the 
morphism is projective, so these exist), then apply the earlier case. In this situation, you 
obtain a locally closed substack (as opposed to an open substack). 

□ 
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To prove Corollary 1.6 it remains to show that the stack is quasicompact. We proceed to 
prove the relevant boundedness results. The following argument is due to F. Van Der Wyck. 

Lemma 5.1. Let k be an algebraically closed field and S a reduced curve singularity, then S may be 
embedded in an affine space of dimension < (6s + 1 

Proof. First, suppose that S is unibranched, then it is a finitely generated subalgebra of k[[t]]. Let 
f 1 , . . . , f r denote a set of generators and we may assume that the degree of each ft is distinct. Let 
M denote the semigroup generated by the degrees of the fi. Observe that if n = min^fdeg fi}, 
then n e M. In particular, it follows that there are at most n — 2 other generators (by inspection 
of the residues), since the degf^ are all distinct. Note that n < 6s and so the embedding 
dimension for a unibranched singularity is < 6s + 1 . 

Now suppose there are r branches, then S C Oi=i Il^ttti]]- Note that the 6 of a branch is 
bounded by 6 s and the number of branches is bounded by 6 s + 1 . The former is obvious, the 
latter clear from the observation that S doesn't contain the elements t| or (ti , . . . , tr) and there 
are r + 1 of these. Hence, the embedding dimension is bounded by (6s + 1 □ 

The following argument had inputs from D. Smyth and R. Vakil. 

Theorem 5.2. Suppose that C fs a connected curve with < e irreducible components with arithmetic 
genus g, then there is an embedding C ^P^^-'' such that deg C < Dg^e, where 

Ng,e = (g + e)^ + 1 

Dg,e = 2e(g + e-1)(g + e) + e2. 

Proof. We first determine Dg^e- Let Csm C C denote the smooth locus, then Csm is a disjoint 
union U?^^ Wi. For each i = 1 , . . . , e, take pi e Wt. Let Z be the divisor pi + • • • + pe and let 
L — 0(Z), then deg 0(Z] = e. It suffices to find some ra = Ta(g, e) (depending only on g, e) 
such that is very ample. Indeed, we would then have Dg g — me. We need to show that 
separates points and tangent vectors. Thus, it remains to show that for any c G C: 

HVC,£"^(-c)) = H1(C,£"^(-2c)) =0. 

Using the standard exact sequence relating these two ideal sheaves, the vanishing of the former 
is determined by the vanishing of the latter. 

Let 7t : C ^ C be the normalization map and let c S C. Take Ci , . . . , Cr^ to denote the points 
of the fiber n^^ (c) and let 6c be the 6-rnvariant of c, then there is an exact sequence 

*-7t,0£(-26c(ci +--- + CrJ) *-0(-2c) ^0 , 

with £ supported only on c. Twisting this exact sequence hy (for some m yet to be deter- 
mined) and taking the exact sequence of cohomology we obtain: 

H'(C,£'^«)7T,0£(-26c(ci + ••• + CrJ)) ^Hi(C,£^(-2c)) ^0 . 

Since tt* is exact, we obtain from the projection formula: 

Hi(C,£"^®7t,0£(-26e(ci +--- + c,J)) =H'(C, (7t*£)™(-26Jc, + • • • + c,J)). 

Taking trc — 2x^8^ + e and applying IIHar77[ Cor. IV.3.3 and Exercise III. 7.1] furnishes us with: 

(C, [n*Lr' (-26e(ci + • • • + c, J)) = 0. 

We may conclude that (C, L"^- (-2c)) = 0. 
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Note that g —Tpa{C) + Y.cec^c-^i^ particular, since the number of connected components of 
C is boimded by the number of irreducible components of C, we have 

< g + e-1. 

cec 

Hence, the 6s of the singular points of the C are bounded by g + e — 1 and by the proof of 



Lemma 5.1 we see that the number of branches over each singular point is bounded by g + e. 
Hence, if we take ra = 2(g + e — l)(g + e) + e, then we are done and we have bounded the 
degree. Continuing with these ideas, an application of Lemma [5. 1 1 implies that the embedding 
dimension of every singularity of C is boimded by (g + e)^. 

Using our line bundle L'^, we produce an embedding C ^ P ^ and let Sec (C) be the secant 
variety of C, this has dimension bounded by 3. Take Tan (C) to denote the tangent variety, then 
this has dimension bounded by (g + e)^ + 1 by the above bound on embedding dimension. By 
choosing a point P not in Sec (C] UTan (C) and projecting from it, we obtain Ng g < (g + e)^ + 1 . 
Note that the degree of the embedding C ^ P ^ s . e remains < D g _ g . □ 

Proof of Corollary ^^ From the proof of Corollary [1.4} it suffices to show that 21Tg,e,o is quasi- 
compact. Let Wg^e denote the Hilbert scheme of curves in P '^9 % whose fibers are embedded 
curves of arithmetic genus g, with less than e irreducible components and of degree < ^g,e- 
Note that Wg e is quasicompact, since the component of the Hilbert scheme oh corresponding 
to a fixed Hilbert pol5momial is projective and the Hilbert pol3momial of a curve is completely 
determined by its degree and genus. 

Let Wg e — > Wg e denote the universal family, then we have an induced morphism Wg g — > 



2Bg,e,o- By Theorem 5.2 this map is surjective. We conclude that 21Jg,e,o is quasicompact. □ 
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